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Numerical Simulation of Nonequilibrium Condensation
in a Hypersonic Wind Tunnel
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A computational method for calculating supersonic two-dimensional nozzle flows with nonequilibrium
phase change is developed. The code uses a fully implicit, finite volume formulation with Steger-Warming
flux vector splitting and Jacobi point relaxation. Source terms for finite rate condensation and evaporation
are constructed from the classical theories of nucleation and droplet growth. Calculations of the NASA
Langley Research Center 8-ft High Temperature Tunnel nozzle are performed and compared with pre-
viously reported quasi-one-dimensional calculations and experimental data.

Nomenclature
cv = constant volume specific heat, J/kg K
/ = function of gas composition defined in Ref. 9
hfg = heat of vaporization, J/kg
h° = heat of formation at zero Kelvin, J/kg
i, j = computational grid cell indices
K = Boltzmann's constant
Kn = Knudsen number
m = molecular mass, kg
nc = number of droplet classes
ns = number of chemical species
Pr = Prandtl number
p = pressure, Pa
qc, qe = condensation, evaporation coefficients
R = specific gas constant, J/kg K
r = droplet radius, m
T = temperature, K
u = *-velocity component, m/s
v = ^-velocity component, m/s
jt, y = coordinate directions, m
j8 = empirical constant
y = ratio of specific heats
K = thermal conductivity of gas mixture, W/m K
JJL = viscosity of gas mixture, kg/m s
£ = constant defined in Ref. 9
p = density of gas mixture, kg/m3

a = surface tension, N/m

Subscripts
H2O = water vapor
rot = rotational
s = chemical species
sat = saturation conditions
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Introduction

T HIS study addresses condensation in combustion-heated
wind tunnels resulting from expanding the combustion

products to temperatures below the saturation point. Conden-
sation has been observed in the U.S. Air Force Arnold Engi-
neering Development Center's Aerospace Propulsion Test Unit
(APTU) and NASA Langley Research Center's 8-ft High Tem-
perature Tunnel (8'HTT).

In a combustion-heated wind tunnel, the thermal energy of
the gas is elevated by burning a fuel in the settling chamber,
enabling expansion to higher Mach numbers. The APTU is
fueled by isobutane, and the 8'HTT by natural gas. One prod-
uct of hydrocarbon combustion is water vapor. Condensation
of water vapor in combustion-heated wind tunnels, and in the
8'HTT in particular, is the focus of this study. Condensation
removes mass from and adds the energy of vaporization to the
gas phase. Consequently, the temperature increases, and the
Mach number decreases. Drag forces on the water droplets
may also be significant.

Codes that model condensation as an equilibrium process
have been available for some time.1 However, it is not safe to
generalize about their sufficiency for applications to very high-
speed flows. In some cases they may be adequate for engi-
neering purposes, whereas the extreme opposite approach, a
noncondensing calculation, may produce more realistic results
in others. A number of theoretical studies2'5 have addressed
the thermophysics of phase change as a finite rate process.
Other researchers have used results from these studies as the
basis for quasi-one-dimensional calculations of nozzle flows of
steam,6'8 or of steam in a noncondensing carrier gas.9 This
study extends the work reported in Ref. 9 to develop a meth-
odology, based upon modern computational fluid dynamics
(CFD) practices, for computing hypersonic flows of condens-
ing gases in two dimensions. It will be used to compute non-
equilibrium two-phase flows in the 8'HTT nozzle and spatially
characterize the flowfield at the entrance to the test section.
Evidence from the 8'HTT indicates that condensation varies
considerably across the test section.
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Physical Modeling
The flowfield is modeled as two separated phases: 1) a con-

tinuous gas and 2) a disperse liquid. The term disperse denotes
that liquid droplets do not interact with one another, or
exchange conserved quantities by collision. The liquid phase
is modeled as a set of droplet classes, each consisting of a
certain size droplet. The conservation equations for the gas
phase and each of the droplet classes are solved simultane-
ously. Source terms are constructed to model finite rate
exchange of conserved quantities between the phases.

Gas Phase
The governing equations for the gas phase are the Navier-

Stokes equations in axisymmetric coordinates:

U, + Fx + [(yG)y/y] = W (1)

The vector of conserved quantities is U: the chemical species
mass densities, the x- and y-momentum densities, and the total
energy density:

17 = (P!, . . . . , pns, pu, pv,Ef

The total energy density is
2

(2)

PA° 0)

The vibrational energy is assumed to be in equilibrium with
the translational and rotational energies because of the high
rate of exchange induced by water vapor.10

The fluxes of conserved quantities in the x and y directions
are defined in the usual way.11"13 These are F and G,
respectively.

The vector of source terms is W, which accounts for the
interphase transfer of mass from evaporation and condensation,
momentum from drag forces on the droplets, and energy from
convective heat transfer and phase changes. The vector W also
contains the axisymmetric source term for radial momentum.

Liquid Phase
The correct way to calculate the finite rate exchange pro-

cesses between the phases is in a Lagrangian coordinate sys-
tem, i.e., following the droplet pathlines z:

"•37=" (4)

No generalization can be made regarding the droplet pathlines,
as momentum transfer between the phases is modeled as a
nonequilibrium process. That is, droplet velocities are com-
puted as functions of their sizes, in contrast to previous studies
that assumed that droplets move at the same speed as the gas.
This necessitates modeling the distribution of droplet sizes dis-
cretely, since there is no known way to construct an infinite
number of Lagrangian coordinate systems, as a continuous dis-
tribution of droplet sizes would require. The distributions of
temperature and velocity for each discrete size class are as-
sumed to be narrow enough to allow their representation by a
single temperature and velocity at each point in the flowfield.

With even a small number of droplet classes, constructing
pathlines and integrating Eq. (4) along each is difficult, if not
intractable, since pathlines can begin at any point, and droplets
move among the classes as they travel. It is permissible to
simplify the kinematics with an Eulerian approximation to the
left-hand side of Eq. (4), so long as the Lagrangian description
is maintained in constructing the source terms. The total de-
rivative is set equal to a local time derivative plus a spatial
flux derivative, which is resolved into components, giving a

governing equation set that is identical in form to that for the
gas phase:

Ukt + Fkx + [(yGk)y/y] = Wk (5)

The vectors are subscripted k to denote a specific class. The
vector of conserved variables for the liquid phase is

, uk, vk, cvTk (6)

where pw is the density of liquid water, and nk and Vk are the
number density and volume per droplet, respectively, of class
k droplets. The internal energy of liquid water at zero Kelvin
is el

The liquid fluxes are just the vector of conserved variables
times the appropriate velocity component:

Fk = ukUk Gk = vkUk (7)

The liquid kinetic energy is not included as a conserved
variable. Doing so essentially gives five equations for four un-
knowns, if one considers that liquid kinetic and thermal energy
conservation can be expressed as two equations, since the two
forms of energy cannot be directly converted in a disperse
phase, as they can in the gas phase, by molecular collisions.
That is, kinetic energy conservation overspecifies the system
of equations, since the mass and velocity components are
known from the first three equations. Experience has shown
that conserving liquid kinetic energy produces erroneous
temperatures.12

Source Terms
The finite rate processes that transfer conserved quantities

between the phases and between the droplet classes are the
source terms. The gas phase sources are equal and opposite
those for the liquid phase, enforcing conservation. The one
exception is that gas phase sources include kinetic energy
terms, whereas liquid phase sources do not, as explained
earlier.
Nucleation

The onset of condensation is modeled according to the clas-
sical nucleation theory,5 which assumes spontaneous formation
from the subcooled vapor of droplets containing about 100
molecules. The rate of nucleation is

(8)1 +

where

2 =
2(yH2o - 1) hfg I hfg

(9)

is Kantrowitz's4 correction factor for nonisothermal nucleation.
Nuclei are formed at the critical radius, the radius of a droplet
in metastable equilibrium with the gas phase:

Drag
The rate of momentum transfer is the drag force:

= nk- CDp (« - uk)\u - uk
(v- v,)|v- v*|

(10)

(11)

The drag coefficient is a function of the Mach and Reynolds
numbers based upon the vectorial relative velocity, as derived
by Carlson and Hoglund14:

(12)

24 (1 + 0.15/fc°687){l + exp[-(0.427/M463) -
: Re 1 + (M//te){3.82 + 1.28 exp[-1.25(/te/M)]}
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The drag force on the droplets also transfers kinetic energy
from the gas phase:

= -2 DXkuk + Dykvk + Af (13)

The last term in the summation accounts for the variation of
the droplet velocity over the time step Af, assuming constant
drag.12

Droplet Growth
Droplet growth from condensation and evaporation is mod-

eled by simultaneously integrating two equations for mass and
energy transfer. These are, respectively,

—— ;_
At ~~ pw(2 - qc.

dTk dr : - T )

[1/(1 + 2j8/&t)] + (&f)(Kn/Pr)

Equation (14) is simply the difference in molecular flux to the
surface from the gas, and re-evaporative flux from within the
droplet. Equation (15) expresses the rate of change of droplet
temperature as a function of the rate of latent heat release from
condensation, and convection to the gas. From these equations,
Young8 has derived a single analytically integrable growth rate
equation by approximating the droplet temperature as a func-
tion of the gas properties and droplet size. The details are given
in Refs. 8, 9, and 12.

Young's procedure assumes that the gas is subcooled. It has
been used successfully in quasi-one-dimensional nozzle cal-
culations.8'9 In a two-dimensional calculation, droplets can be
captured in superheated regions caused by boundary-layer
growth, and compression caused from wall effects. In these
regions Eqs. (14) and (15) must be simultaneously integrated
numerically.

Solution Procedure
The source vector for nucleation is easily constructed from

Eq. (8). Droplets are formed at the velocity and temperature
of the gas:

= PwVkJ(l, ii, v, cvT (16)

The class k into which droplets nucleate is chosen such that
r*_i < r* < rk. This criterion is established because droplets
smaller than the critical size evaporate rapidly. Hence, placing
nuclei in a class for which r < r^ has no net effect.

The components of the drag force [Eq. (11)] comprise ele-
ments 2 and 3 of the momentum source vector for class k.

The drop growth equations, unlike the other rate equations,
cannot be integrated locally. To do so would result in un-
bounded growth. Equations (14) and (15) must be integrated
along the droplet path. Since we have approximated the ki-
nematics with an Eulerian description, this is accomplished by
integrating the growth equations for each class over a cell res-
idence time, and using the results to reassign class designations
as droplets cross cell boundaries. For example, if in one cell
residence time, class k droplets grow to a radius r that falls
between the radii for adjacent classes li and /2, they are reap-
portioned between classes li and 12 such that the mass trans-
ferred between phases equals that for growth to r. The frac-
tions of class k droplets reassigned to classes ^ and /2 are

*, = Kr?a ~ r3)/(r?2 - r*)] ^ = 1 - ^ (17)

Droplet growth then can be thought of as a source of flux.
The liquid fluxes are now written as a difference of effluxes

from the cell, and influxes into the cell. The effluxes are de-
fined as the fluxes were previously [Eq. (7)]. The influxes are
constructed taking account of the growth in adjacent cells.
Equation (5) becomes

Uk (F - {[y(G - = Wk (18)

where &k = ukUk, and F* = vkUk. The virtual vector of con-
served quantities resulting from droplets of another class grow-
ing to the size of class k droplets is Uk. Class k condensing
and evaporating give, respectively,

•

(k < I) (19)

i-i , V<V,-*- < * > / ) (20)

TI is the temperature that results from integrating the growth
equations (either numerically or by Young's method) to r/.

The gas phase source vector for droplet growth is the di-
vergence of the efflux minus the influx. This enforces conser-
vation, as a comparison of the following equation with Eq.
(18) illustrates:

(21)

Equations (1) and (18) are discretized in general coordinates,
and solved simultaneously as a single vector equation of di-
mension ns + 3 + 4nc. A finite volume, fully implicit for-
mulation is used. The result is a block pentadiagonal matrix
equation of dimension /max X 7'max. Each block has dimension
ns 4- 3 + 4nc, the number of conserved variables. The matrix
equation is solved by point Jacobi iteration.

The in viscid fluxes are evaluated using Steger-Warming13

flux vector splitting; the viscous fluxes by central differencing
the fluid property derivatives. The liquid fluxes are evaluated
in terms of the variables in the upstream cell.15

Calculations
Two cases were computed using the geometry of the NASA

LaRC 8'HTT: a cylindrical throat, 7.14 cm in radius and 2.85
cm in length; a conical expansion section from x = 2.85 cm
to 5.47 m; a contoured section from x = 5.47 m to the tunnel
exit at 15.71 m. The expansion ratio is 523.4. The computa-
tional mesh for the complete nozzle contained 197 cells in the
axial direction, and 89 cells in the radial direction. For each
case the procedure was to first perform a noncondensing cal-
culation on the entire nozzle. The throat (inflow boundary)
conditions were computed assuming an isentropic expansion
with fixed composition from given stagnation conditions. To
minimize storage and CPU requirements, the condensing cal-
culations were then performed only on the downstream end of
the tunnel. The inflow boundary for the condensing calculation
was located just upstream of the saturation line. The location
of the saturation line was determined from the noncondensing
calculation. The noncondensing calculation also provided the
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inflow boundary conditions and the initial conditions for the
condensing calculation, as well as a basis for discussing the
effects of condensation. An adiabatic wall boundary condition
was used in all calculations.

Case 1
Case 1 was used for the initial code development. The stag-

nation conditions for case 1 were the same as those for case
5 of Ref. 13, allowing a qualitative comparison between the
previous quasi-one-dimensional calculation, and the present
two-dimensional calculation. The total temperature and pres-
sure were 1900 K and 25 MPa, respectively. The mole frac-
tions of water vapor, oxygen, nitrogen, and carbon dioxide
were 0.156, 0.21, 0.556, and 0.078, respectively. For the throat
conditions this gave 1684.5 K, 13.831 MPa, and 828.62 m/s.

The grid size for the condensing calculation was 60 X 89.
Four classes of droplets were used, with diameters spanning
three orders of magnitude: d\ - 1.5 X 10~9 m, d2 = 10~8 m,
d3 = 10~7 m, and d4 = 10~6 m. The size of the largest class
was chosen to be slightly greater than the largest droplet size
computed in Ref. 9. The size of the smallest class was chosen
to match the size of the nuclei in the zone of highest nucleation
rate, as closely as possible. The critical diameter is in the range
of 1-1.5 nm in this region.

Figure 1 illustrates the nucleation zone. The contours are
closely spaced, indicating a rapid rise in the nucleation rate.
In fact, no sensible nucleation occurs before x « 7 m, even
though the vapor becomes saturated 1 m upstream. The max-
imum value of about 1020 nuclei/m3/s occurs on the centerline
at x **» 8 m.

Growth of existing droplets removes more mass from the
gas phase than nucleation does, as Fig. 2 illustrates. At the
downstream end of the nucleation zone the flowfield contains
less than 1% liquid water. This value rises to nearly 3% on
the centerline at the nozzle exit plane. Note the variation of
the liquid content in the radial direction at the exit plane.

Figure 3 compares the droplet and gas temperatures along
the nozzle centerline. The solid symbols marking the endpoints
of the temperature curves for each class indicate positions
where the particular classes appear or disappear. Class 1, into
which droplets nucleate, first appears at the same temperature
as the gas. The larger classes first appear at higher tempera-
tures, since condensation releases the latent heat of vaporiza-
tion to them. At x « 8.5 m the temperature of class 1 increases
as well. At this point, presumably condensation has a greater
effect than nucleation on the average temperature of class 1
droplets.

Figure 3 also shows the gas temperature beginning to in-
crease shortly after the onset of condensation, even though the

o.o
7.5 10.0 12.5 15.0 x(m)

Fig. 1 Case 1: log nucleation rate (nT's"1).

7.5 10.0 12.5 15.0 x(m)

Fig. 2 Case 1: mass fraction of liquid.

gas is expanding. This is caused by convective heat transfer
from the water droplets. The smaller classes evaporate im-
mediately after the gas temperature rises above their temper-
atures. Class 1 is repopulated by evaporating class 2 droplets
in one grid cell at x ** 12.5 m. Evaporation of the larger classes
repopulates classes 1 and 2 near the exit. Classes 1 and 2 are
at lower temperatures because of the loss of latent heat by
classes 3 and 4 upon evaporation.

Figures 4-7 compare the flowfields calculated without, and
with condensation. Figure 4 shows the degree of subcooling
as the difference between the saturation temperature for the
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Fig. 3 Case 1: nozzle centerline temperatures (K).
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Fig. 4 case 1: subcooling (K).
15.0 x(m)

y(m)

1.0

0.5

0.0

Non Condensing

y(m)

1.0

0.5

0.0

Condensing

7.5 10.0 12.5 15.0 x(m)
Fig. 5 Case 1: gas temperature (K).
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Fig. 6 Case 1: pressure (Pa).
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Fig. 7 Case 1: Mach number.
15.0 x(m)

partial pressure of water vapor and the gas temperature. The
flowfields are substantially the same upstream of the 36 K
subcooling line. The nucleation rate peaks slightly beyond this
line.

Most important, regarding the goal of characterizing the test
section flowfield, are the next three figures. They show tem-
perature and pressure increases of around 60 K and 450 Pa,
respectively, and a decrease of about 0.8 (11%) in Mach num-
ber at the nozzle exit plane.

The exit plane velocity is only 5 m/s lower in the condensing
calculation than in the noncondensing calculation. The gas ve-
locity increases by only about 30 m/s between the point where
condensation begins and the tunnel exit. The droplet and gas
velocities differ by less than 2 m/s throughout the flowfield.

Figures 8 and 9 are plots of the subcooling, nucleation rate,
and liquid mass fraction along the centerline, as calculated here
and in Ref. 9. The maximum subcooling is about 40 K in both
cases. The peak nucleation rate calculated here is slightly
greater, as is the maximum mass fraction of water. One notable
difference is the location of condensation onset, about 7.5 m
here, vs 8.5 m. This could be because of the two dimension-
ality, or the lack of chemical reaction modeling in the present
work. Reference 9 employed equilibrium chemistry calcula-
tions. Reference 9 also showed the subcooling collapsing more
rapidly than the present work does. This is a result of the small
number of droplet classes, as will be shown.

Another difference is that here the gas not only returns to
equilibrium, but actually becomes superheated. This is the re-
sult of a region of recompression beginning at about 11.5 m.
This recompression is evident in Fig. 6 for both the condensing
and noncondensing calculations.

This effect could not be produced in a one-dimensional cal-
culation. Overexpansions and subsequent recompressions re-
sulting from imperfect nozzle contour design are apparent only
in two- (or three-) dimensional calculations.

Finally, it is noteworthy that the gas and liquid properties
vary smoothly across the saturation line, both in the recom-
pression region, and at the edge of the boundary layer. Recall
that Young's analytical integration of the droplet growth equa-
tions assumes that the gas is subcooled. Therefore it was nec-
essary to integrate them numerically in and around superheated
regions. The smooth blending of the solutions from the two
techniques ostensibly attests to the validity of Young's method.

Case 2
The stagnation conditions for case 2 were measured during

actual tests conducted recently in the 8'HTT. The total tem-
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Fig. 8 Case 1: nozzle centerline conditions.
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Fig. 9 One-dimensional nozzle conditions (from Ref. 9).
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Fig. 10 Case 2: mass fraction of liquid.
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Fig. 12 Case 2: Mach number.
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perature and pressure were 1667 K and 13.8 MPa. Mole frac-
tions of water vapor, oxygen, nitrogen, and carbon dioxide
were 0.12, 0.21, 0.61, and 0.06, respectively. The throat con-
ditions were 1464.4 K, 7.5818 MPa, and 737.93 m/s. The grid
size for case 2 was 73 X 89.

This case included a refinement study, to determine the ef-
fect, if any, of increasing the number of droplet classes. The
first of two condensing flow calculations was performed using
the same four droplet class definitions as case 1. The calcu-
lation was then restarted from the first solution with 10 droplet
classes. The diameter of the first class was defined as 1 nm.
For k = 2-10, dk = ^/T0<4-i- This yielded a largest class size
of 1 /Am, as before.

The results show only slightly more condensation occurring
in the 10-class case, but it occurs further upstream. Figure 10
shows tighter clustering of the contours of constant liquid mass
fraction w, up to w « 0.02. Contour lines beyond w « 0.02
are shifted upstream by about 1 m.

Figures 11-13 compare various flowfield parameters be-
tween the condensing and noncondensing calculations. The ef-
fects of condensation, that is, the Mach number decrease and
temperature increase, have also shifted upstream a bit with the
finer discretization of droplet sizes.

Figure 14 compares static pressures on the wall, calculated
with and without condensation, and measurements from the
8'HTT. The accuracy of the measurements is within plus or
minus one-quarter of 1%. The condensing calculations match
the data much better than the noncondensing calculations do.
The increased upstream condensation with 10 classes is evi-
dent in this figure also.

Code Performance
Calculations were done on a Cray Y-MP. The two-phase

code's memory and CPU requirements are significantly greater
than those of the equivalent single-phase code because of the
large number of conserved variables introduced via the droplet
size discretization. Case 1 was calculated in 25 CPU hours;
case 2 (4 class) in 36 CPU hours. The case 2 10-class calcu-
lation, which was started from the solution of the 4-class cal-
culation, required an additional 24 h. The memory require-
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Fig. 13 Case 2: gas temperature (K).

p(Pa)
7500

5000

2500

8'HTT Data

- Condensing; 4 classes
- Condensing; 10 classes

Non Condensing

5.0 7.5 10.0 12.5 15.0 x(m)
Fig. 14 Case 2: wall pressure (Pa).



PERRELL, ERICKSON, AND CANDLER 283

ments for the three calculations were 14, 18, and 41 MW,
respectively.

Conclusions
An axisymmetric code for condensing nozzle flows has been

developed and tested. The code utilizes the classical theories
of droplet nucleation and finite rate growth. Results of calcu-
lations are at least qualitatively correct, as regards the effect
of condensation on the gasdynamics. Calculations of condens-
ing flows show an increase in temperature and pressure, and
a decrease in Mach number, compared to noncondensing cal-
culations. Computed wall pressures for the condensing cases
agree well with experimental data.

The accuracy of the solution improves with increasing num-
bers of droplet classes. A fair approximation is obtainable with
only four classes representing a distribution of diameters span-
ning three orders of magnitude. Ten classes produce a notice-
able difference in the flowfield immediately after the onset of
condensation. The subcooling collapses back towards equilib-
rium much more quickly with 10 classes, than with four. The
differences in the flowfield downstream, near the tunnel exit,
are less pronounced. For most practical purposes, 10 classes
are probably sufficient.

The method developed herein is quite computationally in-
tensive because of the size of the matrix equation resulting
from the discretization of the liquid phase into droplet classes.
With each additional class, the dimension of each block in the
matrix increases by four, the number of conserved variables
per class. However, the momentum components comprise two
of the four conserved variables, to permit interphase momen-
tum transfer to be calculated as a nonequilibrium process as
well. In retrospect, this was unnecessary in the code's present
application, since the calculations show that the droplets move
very nearly at the same speed as the gas.

Recommendations
With regard to the overall efficiency of the present nozzle

code, the following improvements are recommended. First, the
droplet velocities should be set equal to the gas velocities. This
assumption will permit removing the source terms and Jaco-
bians for momentum transfer, and also reduce the number of
conserved variables for each class by two. (In other applica-
tions, where higher gas velocity gradients are expected, it may
be essential to retain these terms.)

Secondly, grid solution-adaption should be employed. In
regions where the two-phase dynamics are potentially active,
the axial gridlines should be adapted to coincide with the
streamlines. This will eliminate liquid fluxes and Jacobians in
the radial direction, reducing the work of the matrix solution
routines by more than half. In effect, these modifications will
reduce work of the matrix solution routines by more than half.
In effect, these modifications will reduce the liquid phase dy-
namics to a set of quasi-one-dimensional equations, the one
dimension being the droplet pathline. This approach is, in fact,
a more physically correct way to model the kinematics of a
disperse phase.

Some comments on the limitations of the classical nuclea-
tion and drop growth theories are in order here. The agreement
of calculation with static pressure measurements, and with our
intuition regarding temperature and Mach number trends, are
presented as justification for use of the classical theories. Nev-
ertheless, historically there has been a paucity of experimental
data characterizing the liquid phase in nonequilibrium con-
densing flows. Those measurements that have been made do

not generally substantiate nucleation rate calculations. It has
been suggested that because the nucleation and growth rates
vary so strongly with subcooling, they are self-correcting to
some degree. Overpredicting condensation at one point leads
to underprediction at a point slightly downstream; overpre-
diction of the nucleation rate causes underprediction of the
growth rate. Thus, they are sufficient for engineering appli-
cations to large-scale flows. Accurate characterization of the
liquid phase merits attention in CFD applications to smaller-
scale flows, external flows, rapid expansions, flows over tur-
bine blades, or two-phase combustion, for example.
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